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In this paper, linear block codes over ﬁnite ﬁelds of the algebraic integer ring
of the cyclotomic ﬁeld Qe2πi/n modulo irreducible elements are presented, where
n ∈ 3, 4, 5, 7, 8, 9, 11, 12, 13, 15, 16, 17, 19, 20, 21, 24, 25, 27, 28, 32, 33, 35, 36,
40, 44, 45, 48, 60, 84. These codes can be used for coding over ϕn dimensional
signal space and can correct one error taken from the group of all roots of unity in
the algebraic integer ring of Qe2πi/n. These codes provide an algebraic approach in
an area which is currently mainly dominated by nonalgebraic convolutional codes.
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1. INTRODUCTION
In the last two decades, many results about multidimensional modula-
tions and multidimensional trellis codes have been obtained [1–14]. How-
ever, little is known about linear block codes over ﬁnite ﬁelds for coding
multidimensional signals. Recent works by Huber [15, 16] and Dong et al.
[17] shed some light on the interesting problem of constructing codes over
ﬁnite ﬁelds for multidimensional signals. Huber [15, 16] considered linear
codes over the ﬁnite ﬁelds of the Gaussian integer ring Zi modulo a
Gaussian prime or the Eisenstein integer ring Zω = a + bω
a b ∈ Z
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modulo an Eisenstein prime, where i = √−1 and ω = −1 + √−3/2 =
−1 + i√3/2. These codes can be used with quadrature amplitude mod-
ulation (QAM) signal constellations or Hexagonal signal constellations for
error correction of error values taken from the group of all roots of unity
±1±i3 in Zi or the group of all roots of unity ±1±ω±1 + ω
in Zω. Dong et al. [17] constructed linear block codes over ﬁnite ﬁelds
of the algebraic integer ring of the cyclotomic ﬁeld Qe2πi/n modulo irre-
ducible elements, where n ∈ 5 8 12. These codes can be used for coding
over four dimensional signal spaces and can correct one error taken from
the group of all roots of unity in the algebraic integer ring of Qe2πi/n,
where n ∈ 5 8 12. Note that the Gaussian integer ring Zi and the
Eisenstein integer ring Zω are, respectively, algebraic integer rings, in
which each ideal is a principal ideal, of the only quadratic cyclotomic ﬁelds
Q√−1 and Q√−3. Note that Qe2πi/n, where n ∈ 5 8 12, are the
only quartic cyclotomic ﬁelds whose algebraic integer rings are principal
ideal domains. It is of interest to determine whether all cyclotomic ﬁelds
whose algebraic integer rings are principal ideal domains can be used to
construct linear block code over ﬁnite ﬁelds for multidimensional signals,
so that an algebraic approach can be provided in an area which is cur-
rently mainly dominated by nonalgebraic convolutional codes. Note that
Qe2πi/n = Qe2πi/n/2 if n ≡ 2mod 4. Suppose that n ≡ 2mod 4, then
the only cyclotomic ﬁelds whose algebraic integer rings are principal ideal
domains are given by n = 1 and n ∈ A = 3, 4, 5, 7, 8, 9, 11, 12, 13, 15,
16, 17, 19, 20, 21, 24, 25, 27, 28, 32, 33, 35, 36, 40, 44, 45, 48, 60, 84 [18,
p. 204]. The main contribution of this paper is to show that it is possible
to give a general algorithm to construct linear block codes over ﬁnite ﬁelds
of the algebraic integer ring of Qe2πi/n modulo irreducible elements for
multidimensional signals, where n ∈ A. These codes can correct one error
taken from the group of all roots of unity in the algebraic integer ring of
Qe2πi/n, where n ∈ A.
This paper is organized as follows. Section 2 gives some preliminary re-
sults. Linear block codes over ﬁnite ﬁelds are constructed in Section 3.
Finally, some conclusions are made in Section 4.
2. PRELIMINARY RESULTS
An algebraic number ﬁeld K is an algebraic extension of the ﬁeld of ra-
tional numbers Q of ﬁnite degree. An element χ in K is called an algebraic
integer if it satisﬁes some monic polynomial with integer coefﬁcients. It is
well known that the set of all algebraic integers forms a subring of K, which
is called the algebraic integer ring of K denoted by K . The integer ring
K is a Dedekind domain [19, p. 20]. Therefore, for each prime integer p
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the ideal pK can be uniquely factored into a product of prime ideals of
K [19, p. 18]. More precise information concerning the factorization of a
prime integer, due to Dedekind, is given in [19, p. 27]. Let ξn = e2πi/n be a
primitive nth root of unity, Qξn a cyclotomic ﬁeld and p a prime number
throughout this paper. Some well known results about Qξn are listed as
follows.
Lemma 2.1 ([20, p. 299, 19, p. 75]). (a) The cyclotomic ﬁeld Qξn is a
Galois extension of order ϕn of the ﬁeld Q of rational numbers, where ϕ is
the Euler function which assigns to each positive integer n the number ϕn
of integers j such that 1 ≤ j ≤ n and j n = 1.
(b) The Galois group GalQQξn of Qξn over Q is isomorphic to the
multiplicative group of units in the ring Zn.
(c) The algebraic integer ring of Qξn is Zξn = a0 + a1ξn + · · · +
aϕn−1ξ
ϕn−1
n 
a0 a1     aϕn−1 ∈ Z.
(d) For any element f ξn = x0 + x1ξn + · · · + xϕn−1ξϕn−1n ∈ Qξn,
the norm NQξnQf ξn = Nf ξn is deﬁned as
∏
σ∈GalQQξn σf ξn.
Then the norm Nf ξn is a rational number. When f ξn ∈ Zξn,
Nf ξn is an integer number.
(e) Nf ξngξn = Nf ξnNgξn, where f ξn gξn ∈
Qξn.
(f) a0 + a1ξn + · · · + aϕn−1ξϕn−1n is a unit of Zξn if and only if
Na0 + a1ξn + · · · + aϕn−1ξϕn−1n  = 1.
(g) The minimal polynomial over Q satisﬁed by ξn is the nth cyclo-
tomic polynomial gnx = x − η1 · · · x − ηϕn, where η1     ηϕn are
all distinct primitive nth roots of unity in Qξn.
Lemma 2.2. For any element f ξn = x0 + x1ξn + · · · + xϕn−1ξϕn−1n ∈
Qξn, the norm Nf ξn ≥ 0.
Proof. If σ ∈ GalQQξn, then σξn = ξan, where ξan is a root of the
nth cyclotomic polynomial gnx. Note that the complex conjugate ξan∗
of ξan is still a root of gnx. So there is an element τ in GalQQξn
such that τξn = ξan∗. Therefore, for any element f ξn = x0 + x1ξn +
· · · + xϕn−1ξϕn−1n ∈ Qξn, σf ξnτf ξn = x0 + x1σξn + · · · +
xϕn−1σξϕn−1n x0 + x1σξn + · · · + xϕn−1σξϕn−1n ∗ ≥ 0. Since
Nf ξn can be written as a product of ϕn/2 complex numbers and
their complex conjugates, we have Nf ξn ≥ 0.
Note Qξn = Qξn/2 if n ≡ 2mod 4. Suppose n ≡ 2mod 4, then
Zξn is a principal ideal domain if and only if n ∈ 1 ∪A, where A = 3,
4, 5, 7, 8, 9, 11, 12, 13, 15, 16, 17, 19, 20, 21, 24, 25, 27, 28, 32, 33, 35, 36, 40,
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44, 45, 48, 60, 84 [18, p. 204]. In the rest of this paper, it is assumed that
n ∈ A. The following lemma gives the factorization regularity of a prime
integer p in F = Qξn.
Lemma 2.3 ([18, p. 14]). Let F = Qξn be the cyclotomic ﬁeld. Then for
any prime integer p which does not divide npZξn is a product of distinct
prime ideals P1P2 · · ·Pt in Zξn, where t = F :Q/s and s is the least pos-
itive integer for which ξn → ξp
s
n is the identity on F = Qξn, i.e., s is the
least positive integer with ps ≡ 1mod n. Moreover, the residue class degree
Zξn/Pj  Z/p = s, where j = 1     t.
Corollary 2.1. (a) If a prime integer p is of form the nk+ 1, then the
ideal pZξn = P1 · · ·Pϕn, where Pj are different prime ideals of Zξn for
1 ≤ j ≤ ϕn. Each Pj is generated by an irreducible element having the norm
p = nk + 1 of Zξn. Moreover, GFp is isomorphic to each residue class
ﬁeld Zξn/Pj for l ≤ j ≤ ϕn.
(b) If ϕn is the least positive integer with pϕn ≡ 1mod n, then
pZξn is a prime ideal of Zξn. Moreover, Zξn/pZξn is isomorphic to
GFpϕn.
Proof. (a) Suppose that a prime integer p is of the form nk+ 1. Then
ξn → ξpn = ξn is the identity on F = Qξn. Therefore, from Lemma 2.3
it follows that the ideal pZξn = P1 · · ·Pϕn, where Pj are different prime
ideals of Zξn for 1 ≤ j ≤ ϕn. Since Zξn is a principal ideal do-
main, each Pj is generated by an irreducible element fjξn. Thus we
have p = f1ξn · · · fϕnξngξn for gξn ∈ Zξn and therefore pϕn =
Nf1ξn · · ·NfϕnξnNgξn. Note that Nfjξn > 1. It follows
that Nfjξn = p = nk+ 1 for 1 ≤ j ≤ ϕn. Moreover, from Lemma 2.3
it also follows that GFp is isomorphic to each residue class ﬁeld Zξn/Pj
for 1 ≤ j ≤ ϕn.
(b) The proof immediately follows from Lemma 2.3.
The following theorem provides a way to ﬁnd irreducible elements of
Zξn.
Theorem 2.1. Suppose f ξn = a0 + a1ξn + · · · + aϕn−1ξϕn−1n ∈
Zξn. If Nf ξn is a prime integer p which does not divide n, then f ξn is
an irreducible element of Zξn and p must be of the form nk+ 1. Moreover,
Zξn/f ξn is a ﬁeld with p elements.
Proof. Suppose f ξn = a0 + a1ξn + · · · + aϕn−1ξϕn−1n ∈ Zξn, and
that Nf ξn is a prime integer p which does not divide n, then f ξn is
an irreducible element of Zξn. It is obvious that Nσf ξn = p for
each σ ∈ GalQQξn. It follows that σf ξn is an irreducible element for
each σ ∈ GalQQξn. Since Zξn is a principal ideal domain, the ideal
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TABLE I
Some Irreducible Elements of Zξ7
Irreducible element Norm Irreducible element Norm
1+ ξ7 + 2ξ27 29 1+ 2ξ7 + ξ27 + ξ37 23
2 + ξ27 43 2 + 3ξ7 + ξ27 − 2ξ37 113
1− ξ7 + 2ξ27 71 2 + 5ξ7 + 3ξ27 − 2ξ37 233
1− 2ξ7 + 2ξ27 113 2 − ξ7 + 2ξ27 132
−2ξ7 + ξ27 127 4+ 3ξ7 + 4ξ27 412
2 + 2ξ7 + ξ37 197 17 176
2 + ξ7 − ξ27 + ξ37 211 19 196
2 + ξ7 − ξ27 + 2ξ37 239 31 316
σf ξn is a prime ideal of Zξn for each σ ∈ GalQQξn. Note p =
Nf ξn =
∏
σ∈GalQQξn σf ξn. So pZξn =
∏
σ∈GalQQξnσf ξn is
a factorization of ϕn prime ideals. Note that the factorization of the ideal
pZξn is unique. Lemma 2.3 implies that pZξn is a product of distinct
prime ideals and p must be of the form nk+ 1. Moreover, Zξn/f ξn
is a ﬁeld with p elements.
Example 1. Tables I, II, and III list some irreducible elements of Zξ7,
Zξ9, and Zξ16, respectively.
Theorem 2.2. (a) Suppose that f ξn = a0 + a1ξn + · · · + aϕn−1
ξ
ϕn−1
n is an irreducible element with Nf ξn = nk+ 1 = p. Then the mul-
tiplicative group of the ﬁeld Zξn/f ξn contains a unique cyclic subgroup
with n elements when n is even, and 2n elements when n is odd. Moreover,
the set 1 ξn     ξn−1n  when n is even, and the set ±1±ξn    ±ξn−1n 
TABLE II
Some Irreducible Elements of Zξ9
Irreducible element Norm Irreducible element Norm
−1− ξ9 + ξ29 19 4+ ξ39 133
2 − ξ9 + ξ29 37 6+ ξ39 313
1− 2ξ9 73 5− 2ξ9 + 5ξ29 172
1+ 2ξ9 + 2ξ29 109 4− 3ξ9 + 4ξ29 532
2 + ξ9 + ξ29 127 2 26
2 + 2ξ9 + ξ39 163 11 116
2 + 2ξ9 − ξ29 − 2ξ39 181 23 236
−3+ 5ξ9 − 4ξ29 + ξ39 199 29 296
−6+ 4ξ9 + 2ξ29 − 5ξ39 271 41 416
−5− 6ξ9 + ξ29 + 3ξ39 307 47 476
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TABLE III
Some Irreducible Elements of Zξ16
Irreducible element Norm Irreducible element Norm
−2 − ξ16 + 2ξ216 + ξ316 − ξ416 17 2 + ξ16 + 2ξ216 + ξ316 + ξ416 241
1+ 2ξ16 + ξ216 + ξ416 97 −2 − ξ16 257
−2 − 2ξ16 − ξ416 113 2 + ξ16 + ξ216 + ξ316 337
−2 − ξ16 + ξ316 + ξ416 193 −2 − 2ξ16 + ξ316 353
when n is odd, can be taken as the complete set of coset representatives of the
cyclic subgroup of the multiplicative group of the ﬁeld Zξn/f ξn.
(b) Suppose that ϕn is the least positive integer with pϕn ≡ 1mod n
and p is an odd prime number. Then the multiplicative group of the ﬁeld
Zξn/pZξn contains a unique cyclic subgroup with n elements when n is
even, and 2n elements when n is odd. Moreover, the set 1 ξn     ξn−1n 
when n is even, and the set ±1±ξn    ±ξn−1n  when n is odd, can be
taken as the complete set of coset representatives of the cyclic subgroup of the
multiplicative group of the ﬁeld Zξn/pZξn.
(c) Suppose that ϕn is the least positive integer with 2ϕn ≡ 1mod n.
Then the multiplicative group of the ﬁeld Zξn/2Zξn contains a unique
cyclic subgroup with n elements. Moreover, the set 1 ξn     ξn−1n  can be
taken as the complete set of coset representatives of the cyclic subgroup of the
multiplicative group of the ﬁeld Zξn/2Zξn.
Proof. (a) Suppose that f ξn = a0 + a1ξn + · · · + aϕn−1ξϕn−1n is an
irreducible element with Nf ξn = nk + 1 = p. We will consider two
cases.
Case 1. n is odd. Since n
p − 1 and 2
p − 1, we have 2n
p − 1. Since
the multiplicative group of the ﬁeld Zξn/f ξn is a cyclic with p − 1
elements, it follows that the multiplicative group of Zξn/f ξn contains
a unique cyclic subgroup with 2n elements. If −ξnh and −ξnk are in
the same residue class modulo the ideal f ξn, where 1 ≤ h < k ≤ 2n,
then there is an element gξn such that −ξnh − −ξnk = f ξngξn. It
follows that
N−ξnh − −ξnk = N1− −ξnk−h = pNgξn
Let j = k− h. Then 1 ≤ j < 2n. We have
N1− ξjn = pNgξn for 1 ≤ j < n or N1+ ξjn
= pNgξn for l ≤ j ≤ n
In order to get the desired contradiction, we need to prove that neither
N1− ξjn nor N1+ ξjn contains the prime divisor p = nk+ 1.
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For a ﬁxed n and j, ξjn is a primitive d = n/n jth root of unity. If
d = 1, then j = n and N1 + ξjn = N2 = 2ϕn which does not contain
the prime divisor p = nk+ 1.
Suppose d > 1 and denote ξjn by εd. Then we have
NQξnQ1+ ξjn = NQεdQNQξnQεd1+ ξjn
= NQεdQ1+ εdϕn/ϕd (1)
NQξnQ1+ ξjn = NQεdQNQξnQεd1+ ξjn
= NQεdQ1+ εdϕn/ϕd (2)
Note
NQεdQ1+ εd = 1+ ε1 · · · 1+ εϕd = −1ϕdgd−1 (3)
NQεdQ1− εd = 1− ε1 · · · 1− εϕd = gd1 (4)
where ε1     εϕd are all the distinct primitive dth roots of unity and
gdx = x − ε1 · · · x − εϕd is the dth cyclotomic polynomial. On the
other hand, it is well known xd − 1 = ∏h
d ghx [20, p. 298]. From d > 1 it
follows that x− 1 and gdx are coprime. Therefore there is a polynomial
ax ∈ Qx such that
xd−1 + xd−2 + · · · + x+ 1 = axgdx (5)
The Gauss Lemma states that the product of primitive polynomials is prim-
itive in a unique factorization domain [20, p. 162]. Using this lemma we can
prove ax ∈ Zx. Note that d is odd since n is odd. Thus Eq. (5) implies
gd−1a−1 = 1 and gd1a1 = d (6)
From Eqs. (1), (2), (3), (4), and (6), it follows that NQξnQ1 + ξ
j
n = 1
for 1 ≤ j < n which does not contain the prime divisor p = nk + 1, and
NQξnQ1− ξ
j
n = gd1ϕn/ϕd is a divisor of dϕnϕd for 1 ≤ j < n. Thus
NQξnQ1− ξ
j
n does not contain the prime divisor p = nk+ 1 either, since
d is a divisor of n.
Thus, any two different elements in ±1±ξn    ±ξn−1n  are in
the different residue classes modulo the ideal f ξn. Since ±1±ξn
   ±ξn−1n  is a cyclic sub-group generated by −ξn with 2n elements,
±1±ξn    ±ξn−1n  can be taken as the complete set of coset represen-
tatives of the cyclic subgroup with 2n elements of the multiplicative group
of the ﬁeld Zξn/f ξn.
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Case 2. n is even. Similarly as in Case 1, we can prove that the mul-
tiplicative group of Zξn/f ξn contains a unique cyclic subgroup with
n elements. If ξhn and ξ
k
n are in the same residue class modulo the ideal
f ξn, where 1 ≤ h < k ≤ n, then there is an element gξn such that
ξhn − ξkn = f ξngξn. It follows that
Nξhn − ξkn = N1− ξk−hn  = pNgξn
Let j = k− h, then 1 ≤ j < n. We have
N1− ξjn = pNgξn for 1 ≤ j ≤ n/2 or N1+ ξjn
= pNgξjn for 1 ≤ j < n/2
In order to get the desired contradiction, we need to prove that neither
N1− ξjn nor N1+ ξjn contains the prime divisor p = nk+ 1.
For a ﬁxed n and j ξjn is a primitive d = n/n jth root of unity. Obvi-
ously, d = 1. If d = 2, then j = n/2 and N1− ξjn = N2 = 2ϕn which
does not contain the prime divisor p = nk+ 1.
Suppose d > 2 and denote ξjn by εd. Similarly as in Case 1 we have
NQξnQ1+ ξjn = NQεdQ1+ εdϕn/ϕd = −1ϕdgd−1ϕn/ϕd
and
NQξnQ1+ ξjn = NQεdQ1− εdϕn/ϕd = gd1ϕn/ϕd
(I) Suppose d = 2k where k ≥ 2. Note that xd/2 − 1 and gdx are
coprime since each root of gdx is a primitive dth root of unity. From the
Gauss Lemma and
xd/2 − 1xd/2 + 1 = xd − 1 =∏
h
d
ghx
it follows that there is a polynomial bx ∈ Zx such that xd/2 + 1 =
bxgdx. This implies that gd−1 and gd1 are both divisors of 2. Thus,
NQξnQ1 + ξ
j
n for 1 ≤ j < n/2 and NQξnQ1 − ξ
j
n for 1 ≤ j ≤ n/2
are both divisors of 2ϕn/ϕd and therefore they do not contain the prime
divisor p = nk+ 1.
(II) Suppose d = 2km where k ≥ 1 and 2m = 1. From
x2k − 1x2km−1 + x2km−2 + · · · + x2k + 1 = xd − 1 =∏
h
d
ghx
and x2k − 1 gdx = 1 it follows that there is a polynomial cx ∈ Zx
such that
x2km−1 + x2km−2 + · · · + x2k + 1 = cxgdx
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Thus, m = gd−1c−1 = gd1c1 which implies that NQξnQ1 + ξ
j
n
for 1 ≤ j < n/2 and NQξnQ1 − ξ
j
n for 1 ≤ j ≤ n/2 are divisors of
mϕn/ϕd and therefore divisors of nϕn/ϕd. Thus NQξnQ1 + ξ
j
n and
NQξnQ1− ξ
j
n do not contain the prime divisor p = nk+ 1.
(III) Suppose that d is odd.
The remainder of the proof is similar to that of Case 1.
(b) Suppose that ϕn is the least positive integer with pϕn ≡
1mod n, and p is an odd prime number. Then by Corollary 2.1, pZξn
is a prime ideal and the multiplicative group of the ﬁeld Zξn/pZξn has
pϕn − 1 elements.
We will consider two cases.
Case 1. n is odd. Since n
pϕn − 1 and 2
pϕn − 1, we have 2n
pϕn − 1.
Since the multiplicative group of the ﬁeld Zξn/pZξn is a cyclic
group with pϕn − 1 elements, it follows that the multiplicative group
of Zξn/pZξn contains a unique cyclic subgroup with 2n elements.
If −ξnh and −ξnk are in the same residue class modulo the ideal
pZξn, where 1 ≤ h < k ≤ 2n, then there is an element gξn such that
−ξnh − −ξnk = pgξn. It follows that
N−ξnh − −ξnk = N1− −ξnk−h = pϕnNgξn (7)
Let j = k− h. Then 1 ≤ j < 2n. By proof of Lemma 2.2, we have
N1− ξjn = 1− ξjj1n 1− ξjj1n ∗ · · · 1− ξ
jjϕn/2
n 1− ξjjϕn/2n ∗
where 1 ≤ j1     jϕn/2 < n, j1 n = · · · = jϕn/2 n = 1 and
j1     jϕn/2 are pairwise different. Note
1− ξjjmn 1− ξjjmn ∗ =
(
1− cos 2πjjm
n
)2
+ sin2 2πjjm
n
= 22 sin2 πjjm
n

where 1 ≤ m ≤ ϕn/2. We have
N1− ξjn = 2ϕn sin2
πjj1
n
· · · sin2 πjjϕn/2
n

Similarly,
N1− ξjn = 2ϕn cos2
πjj1
n
· · · cos2 πjjϕn/2
n

It follows from Eq. (7) that
pϕnNgξn = 2ϕn sin2
πjj1
n
· · · sin2 πjjϕn/2
n
 (8)
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or
pϕnNgξn = 2ϕn cos2
πjj1
n
· · · cos2 πjjϕn/2
n
 (9)
This is a contradiction since 2ϕn < pϕnNgξn, 2ϕn
sin2πjj1/n · · · sin2πjjϕn/2/n ≤ 2ϕn and 2ϕn cos2πjj1/n · · ·
cos2πjjϕn/2/n ≤ 2ϕn. Thus, any two different elements in ±1±ξn
   ±ξn−1n  are in the different residue classes modulo the ideal pZξn.
Since ±1±ξn    ±ξn−1n  is a cyclic subgroup generated by −ξn with
2n elements, ±1±ξn    ±ξn−1n  can be taken as the complete set
of coset representatives of the cyclic subgroup with 2n elements of the
multiplicative group of the ﬁeld Zξn/pZξn.
Case 2. The proof is similar to that of Case 1.
(c) Suppose that ϕn is the least positive integer with 2ϕn ≡
1mod n, then by Corollary 2.1, 2Zξn is a prime ideal and the multi-
plicative group of the ﬁeld Zξn/2Zξn has 2ϕn − 1 elements. From
n
2ϕn − 1 it follows that the multiplicative group of the ﬁeld Zξn/2Zξn
contains a unique cyclic subgroup with n elements. If ξhn and ξ
k
n are in
the same residue class modulo the ideal 2Zξn, where 1 ≤ h < k ≤ n,
then there is an element gξn such that ξhn − ξkn = 2gξn. By the same
arguments as in (b) we can obtain
2ϕnNgξn = 2ϕn sin2
πjj1
n
· · · sin2 πjjϕn/2
n

where j = k − h. Note gξn = 0 since h < k and sin2πjj1/n · · ·
sin2πjjϕn/2/n ≤ 1. We must have Ngξn = sin2πjj1/n · · ·
sin2πjjϕn/2/n = 1 which implies πjjm/n = π/2 + lmπ, where
1 ≤ m ≤ ϕn/2 and lm ∈ Z. It follows that n is an even number. Note that
ϕn is the least positive integer with 2ϕn ≡ 1mod n. So we have 2
1, a
contradiction. Thus ξn = 1 ξn     ξn−1n  can be taken as the complete
set of coset representatives of the cyclic subgroup of the multiplicative
group of the ﬁeld Zξn/2Zξn.
Theorem 2.3. (a) Suppose that f ξn= a0+ a1ξn+ · · ·+ aϕn−1ξϕn−1n
is an irreducible element with Nf ξn = nk + 1 = p. Then the set
Tnp = 0 1     p − 1 is a complete set of coset representatives of the ﬁeld
Zξn/f ξn.
(b) Suppose that ϕn is the least positive integer with pϕn ≡ 1mod n
and p is an odd prime number. Then the set Tn
pϕn = d0 + d1ξn + · · · +
dϕn−1ξ
ϕn−1
n 
 
dj
 ≤ p− 1/2 j = 0 1     ϕn − 1 is a complete set of
coset representatives of the ﬁeld Zξn/pZξn.
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(c) Suppose that ϕn is the least positive integer with 2ϕn ≡ 1mod n.
Then the set Tn2ϕn = d0 + d1ξn + · · · + dϕn−1ξ
ϕn−1
n 
0 ≤ dj ≤ 1 j =
0 1     ϕn − 1 is a complete set of coset representatives of the ﬁeld
Zξn/2Zξn.
Proof. (a) Suppose that f ξn = a0 + a1ξn + · · · + xϕn−1ξϕn−1n is an
irreducible element with Nf ξn = p = nk + 1. Let f :Z → Zξn be
the inclusion map and π:Zξn → Zξn/f ξn the canonical epimor-
phism given by πb0 + b1ξn + · · · + bϕn−1ξϕn−1n  = b0 + b1ξn + · · · +
bϕn−1ξ
ϕn−1
n + f ξn. Then it is easy to verify that the kernel of the
composite homomorphism π ◦ f is the ideal p. Thus π ◦ f :Z/p →
Zξn/f ξn given by π ◦ f a+ p = a+ f ξn is an isomorphism of
the ﬁnite ﬁelds with p elements. Therefore, the set 0 1     p − 1 is a
complete set of coset representatives of the ﬁeld Zξn/f ξn.
(b) Suppose that ϕn is the least positive integer with pϕn ≡
1mod n. Then by Corollary 2.1, p is an irreducible element of Zξn and
Zξn/pZξn is a ﬁnite ﬁeld with pϕn elements. It is clear that the set
d0 + d1ξn + · · · + dϕn−1ξϕn−1n 
 
dj
 ≤ p− 1/2 j = 0 1     ϕn − 1
has pϕn elements. Suppose that k0 + k1ξn + · · · + kϕn−1ξϕn−1n and
l0+ l1ξn+ · · · + lϕn−1ξϕn−1n are in the same residue class modulo the ideal
pZξn. Then k0 − l0 + k1 − l1ξn + · · · + kϕn−1 − lϕn−1ξϕn−1n ∈
pZξn. It follows that p
kj − lj for j = 0 1     ϕn − 1. How-
ever, 
kj
 
lj
 ≤ p − 1/2 which implies 
kj − lj
 ≤ p − 1. So we must
have kj = lj for j = 0 1     ϕn − 1. Thus, the set d0 d1ξn + · · · +
dϕn−1ξ
ϕn−1
n 
 
dj
 ≤ p − 1/2 j = 0 1     ϕn − 1 is a complete set
of coset representatives of the ﬁeld Zξn/pZξn.
(c) The proof is similar to that of (b).
Let An = 1 ξn     ξn−1n  when n is even, and An = ±1±ξn
   ±ξn−1n  when n is odd. Suppose that f ξn = a0 + a1ξn + · · · +
aϕn−1ξ
ϕn−1
n is an irreducible element of Zξn with Nf ξn = ph and
p 
n, where n ∈ Ah = 1 or ϕn. Let Tn
ph
be the complete set of coset
representatives of the ﬁeld Zξn/f ξn as in Theorem 2.3. Then from
Theorem 2.2 and Theorem 2.3 it follows that there is the subset Sn ⊂ Tnph
such that each element in Sn is the same residue class as some elements of
the set An modulo the ideal f ξn. Thus
Rn
ph
= aξn −
[
aξn
f ξn
]
f ξn
aξn ∈ Tnph − Sn ∪An
is a complete set of coset representatives of the ﬁeld Zξn/f ξn, where
aξn/f ξn ∈ Zξn
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which gives the smallest value of Naξn/f ξn − aξn/f ξn. (Note
that the norm is always non-negative by Lemma 2.2.)
In the following, we will use Rn
ph
as the ϕn dimensional signal spaces,
where n ∈ A and h = 1 or ϕn. It is clear that the norm of each element
Rn
ph
is not greater than the norms of other elements of the same residue
class as the element (i.e., the energy of the corresponding signal point is as
small as possible).
3. LINEAR BLOCK CODES FOR MULTIDIMENSIONAL SIGNALS
In this section, the operations of elements are performed in a
ﬁeld Zξn/a0 + a1ξn + · · · + aϕn−1ξϕn−1n , where a0 + a1ξn + · · · +
aϕn−1ξ
ϕn−1
n is an irreducible element of Zξn and n ∈ A. We now de-
sign linear block codes over ﬁnite ﬁelds which are able to correct some
error patterns.
Deﬁnition 3.1. Suppose that f ξn = a0 + a1ξn + · · · + aϕn−1ξϕn−1n
is an irreducible element with Nf ξn = ph and p 
n, where n ∈ A, and
h = 1 or ϕn. Let Rn
ph
be the complete set of coset representatives of
the ﬁeld Zξn/f ξn as before. A block code C of length l = ph −
1/n, when p is an odd prime number and n is an even number, and l =
ph − 1/2n, when p is an odd prime number and n is an odd number,
and l = 2ϕn−1 − 1/n when p = 2 and h = ϕn, over Rn
ph
, or Rn2ϕn−1 ,
respectively, is deﬁned as a set of codewords f0ξn f1ξn     fl−1ξn
with coefﬁcients fkξn ∈ Rnph , or Rn2ϕn , respectively, such that
f0ξn + f1ξnα+ · · · + fl−1ξnαl−1 = 0
where α is a primitive element of the ﬁeld Zξn/f ξn. That is, the code
C of length l over Rn
ph
, or Rn2ϕn , respectively, is constructed by the following
parity check matrix H:
H = α0 α1     αl−1
Theorem 3.1. (a) If p is an odd prime number and n is an even number,
then linear code C of length l over Rn
ph
deﬁned above is able to correct one
error with values in 1 ξn     ξn−1n .
(b) If p is an odd prime number and n is an odd number, then linear
code C of length l over Rn
ph
deﬁned above is able to correct one error with
values in ±1±ξn    ±ξn−1n .
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TABLE IV
Exponent Table of the Field Zξ16/1+ 2ξ16 + ξ216 + ξ316
.
a0 a1 a2 a3 a4 a5 a6 a7 stands for a0 + a1 + ξ16 +   + a7ξ716
S αs S αs S αs
1 [1, 0, 0, 1, 0,−1, 0, 0] 33 [1, 1, 1, 0, 0, 0, 0, 0] 65 [0, 0, 0,−1, 0, 1, 0,−1]
2 [1, 1, 0,−1,−1, 0, 1, 0] 34 [0, 0, 0, 1,−1, 1, 0, 0] 66 [0,−1, 0, 0, 0, 0, 0, 0]
3 [0,−1,−1,−1, 0, 0, 0, 0] 35 [−1, 0, 0, 0, 1, 0,−1, 0] 67 [0, 0, 0, 1, 0, 1, 0, 1]
4 [0, 0, 0, 0,−1, 1,−1, 0] 36 [0, 0, 1, 0, 0, 0, 0, 0] 68 [1, 0, 1,−1, 1, 0, 1, 0]
5 [0, 1, 0, 0, 0,−1, 0, 1] 37 [1, 0, 0, 0,−1, 0,−1, 0] 69 [0, 0, 1, 1, 1, 0, 0, 0]
6 [0, 0, 0,−1, 0, 0, 0, 0] 38 [1, 0, 0, 0,−1 −1 −1 −1] 70 [−1, 0, 0, 1, 0,−1, 0, 0]
7 [−1, 0, 0,−1, 0, 0,−1, 0] 39 [0, 0, 0, 1, 1, 1, 0, 0] 71 [1, 0,−1, 0, 0, 0, 1, 0]
8 [−1 −1, 0, 0, 0, 1, 1, 1] 40 [1, 0, 0, 0, 0, 0,−1, 1] 72 [0, 0, 0, 0, 1, 0, 0, 0]
9 [0, 0, 0, 0, 1, 1, 1, 0] 41 [0,−1, 0, 1, 0, 0, 0,−1] 73 [1, 0, 1, 0, 0, 0,−1, 0]
10 [1,−1, 0, 0, 0, 0, 0, 1] 42 [0, 0, 0, 0, 0,−1, 0, 0] 74 [1, 0,−1, 0, 1, 1, 0,−1]
11 [−1, 0, 1, 0,−1, 0, 0, 0] 43 [1, 0,−1, 0, 0,−1, 0, 0, ] 75 [0, 0, 0, 0, 0,−1 −1 −1]
12 [0, 0, 0, 0, 0, 0, 1, 0] 44 [−1 −1 −1 −1, 0, 0, 0, 1] 76 [−1, 0, 0, 1, 0, 0,−1, 0]
13 [0,−1, 0, 1, 0, 0, 1, 0] 45 [−1, 0, 0, 0, 0, 0, 1, 1] 77 [0, 1, 0,−1, 0, 1, 0, 0]
14 [1, 1, 1, 1, 1, 0, 0, 0] 46 [0,−1, 1,−1, 0, 0, 0, 0] 78 [0, 0, 0, 0, 0, 0, 0,−1]
15 [1, 1, 0, 0, 0, 0, 0,−1] 47 [0, 0,−1, 0, 1, 0,−1, 0] 79 [0,−1, 0,−1, 0,−1, 0, 0]
16 [1, 0,−1, 0, 0, 1, 0, 0] 48 [−1, 0, 0, 0, 0, 0, 0, 0] 80 [−1, 1,−1, 0,−1, 0, 1, 0]
17 [0, 0, 0, 1, 0,−1, 0, 1] 49 [−1, 0, 0,−1, 0, 1, 0, 0] 81 [−1 −1 −1, 0, 0, 0, 0, 0]
18 [0, 1, 0, 0, 0, 0, 0, 0] 50 [−1 −1, 0, 1, 1, 0,−1, 0] 82 [0, 0, 0,−1, 1,−1, 0, 0, ]
19 [0, 0, 0,−1, 0,−1, 0,−1] 51 [0, 1, 1, 1, 0, 0, 0, 0] 83 [1, 0, 0, 0,−1, 0, 1, 0]
20 [−1, 0,−1, 1,−1, 0,−1, 0] 52 [0, 0, 0, 0, 1,−1, 1, 0] 84 [0, 0,−1, 0, 0, 0, 0, 0]
21 [0, 0,−1 −1 −1, 0, 0, 0] 53 [0,−1, 0, 0, 0, 1, 0,−1] 85 [−1, 0, 0, 0, 1, 0, 1, 0]
22 [1, 0, 0,−1, 0, 1, 0, 0] 54 [0, 0, 0, 1, 0, 0, 0, 0] 86 [−1, 0, 0, 0, 1, 1, 1, 1]
23 [−1, 0, 1, 0, 0, 0,−1, 0] 55 [1, 0, 0, 1, 0, 0, 1, 0] 87 [0, 0, 0,−1 −1 −1, 0, 0]
24 [0, 0, 0, 0,−1, 0, 0, 0] 56 [1, 1, 0, 0, 0,−1 −1 −1] 88 [−1, 0, 0, 0, 0, 0, 1,−1]
25 [−1, 0,−1, 0, 0, 0, 1, 0] 57 [0, 0, 0, 0,−1 −1 −1, 0] 89 [0, 1, 0,−1, 0, 0, 0, 1]
26 [−1, 0, 1, 0,−1 −1, 0, 1] 58 [−1, 1, 0, 0, 0, 0, 0,−1] 90 [0, 0, 0, 0, 0, 1, 0, 0]
27 [0, 0, 0, 0, 0, 1, 1, 1] 59 [1, 0,−1, 0, 1, 0, 0, 0] 91 [−1, 0, 1, 0, 0, 1, 0, 0]
28 [1, 0, 0,−1, 0, 0, 1, 0] 60 [0, 0, 0, 0, 0, 0,−1, 0] 92 [1, 1, 1, 1, 0, 0, 0,−1]
29 [0,−1, 0, 1, 0,−1, 0, 0] 61 [0, 1, 0,−1, 0, 0,−1, 0] 93 [1, 0, 0, 0, 0, 0,−1 −1]
30 [0, 0, 0, 0, 0, 0, 0, 1] 62 [−1 −1 −1 −1 −1, 0, 0, 0] 94 [0, 1,−1, 1, 0, 0, 0, 0]
31 [0, 1, 0, 1, 0, 1, 0, 0] 63 [−1 −1, 0, 0, 0, 0, 0, 1] 95 [0, 0, 1, 0,−1, 0, 1, 0]
32 [1,−1, 1, 0, 1, 0,−1, 0] 64 [−1, 0, 1, 0, 0,−1, 0, 0] 96 [1, 0, 0, 0, 0, 0, 0, 0]
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(c) The linear code C of length l over Rn2ϕn deﬁned above is able to
correct one error with values in 1 ξn     ξn−1n .
Proof. (a) Note that α has order ph − 1 and l = ph − 1/n. So αl has
order n. Since αl = αl α2l     αnl and ξn = 1 ξn     ξn−1n  are
both the cyclic subgroups with order n of the multiplicative group of the
ﬁeld Zξn/f ξn, we must have
αl α2l     αnl = 1 ξn     ξn−1n 
Hence the code deﬁned by the above matrix H can correct any single er-
ror from 1 ξn     ξn−1n , as this kind of error will produce a different
syndrome. Decoding is as follows: take the received vector r = c + e and
compute the syndrome s = H · rT , the location of an error is given by
t = logα smod l and its value by s · α−t , where 0 ≤ t ≤ l − 1.
(b) and (c) The proofs are similar to that of (a).
Example 2. Let p = 97. By Table III we know that 1 + 2ξ16 + ξ216 +
ξ316 is an irreducible element of Zξ16 with norm 97. From the proof of
Theorem 2.3 it follows that 5− 5/1+ 2ξ16 + ξ216 + ξ3161+ 2ξ16 + ξ216 +
ξ316 = 1+ ξ316 − ξ516 is a primitive element of the ﬁeld Zξ16/1+ 2ξ16 +
ξ216 + ξ316 since 5 is a primitive element of the ﬁeld Z/97. By computer
search we also get the exponent table and Zech’s log table of the ﬁeld
Zξ16/1 + 2ξ16 + ξ216 + ξ316 (see Tables IV and V). R1697 consists of all
elements a0 + a1ξ16 + · · · + a7ξ716 in Table IV.
The code C of length 6 = 97 − 1/16 over R1697 is constructed by the
following parity check matrix H:
H = α0 α1     α5
The corresponding generator matrix G is given by


−α 1 0 0 0 0
−α2 0 1 0 0 0
−α3 0 0 1 0 0
−α4 0 0 0 1 0
−α5 0 0 0 0 1

 
For example, to transmit the eight-dimensional signals [−1, 0, 1, 0, −1, 0,
0, 0], [1, 0, −1, 0, 0, −1, 0, 0], [0, 0, 0, 0, 0, −1, −1, −1], [−1, 0, 0, −1, 0, 1,
0, 0], and [−1, −1, −1, 0, 0, 0, 0, 0], we let f1ξ16 = −1, 0, 1, 0, −1, 0, 0,
0], f2ξ16 = 1, 0, −1, 0, 0, −1, 0, 0], f3ξ16 = 0, 0, 0, 0, 0, −1−1−1],
f4ξ16 = −1, 0, 0, −1, 0, 1, 0, 0], and f5ξ16 = −1−1−1, 0, 0, 0, 0, 0].
Then f0ξ16 = −f1ξ16α − f2ξ16α2 − f3ξ16α3 − f4ξ16α4 − f5ξ16α5
= −α11α− α43α2 − α75α3 − α49α4 − α81α5 = 0, 0, −1−1−1, 0, 0, 0].
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Now, the six signals [0, 0, −1−1−1, 0, 0, 0], [−1, 0, 1, 0, −1, 0, 0, 0,],
[1, 0, −1, 0, 0, −1, 0, 0], [0, 0, 0, 0, 0, −1−1−1], [−1, 0, 0, −1, 0, 1, 0,
0], and [−1−1−1, 0, 0, 0, 0, 0] will be sent through an additive Gaussian
channel. Suppose that one error [0, 0, 0, 0, 0, 0, 1, 0 = ξ616 is added to
the fourth component of the received sequence which will be r = [0, 0,
−1−1−1, 0, 0, 0]. [−1, 0, 1, 0, −1, 0, 0, 0], [1, 0, −1, 0, 0, −1, 0, 0], [0,
0, 0, 0, 0, −1, 0, −1], [−1, 0, 0, −1, 0, 1, 0, 0]), [−1−1−1, 0, 0, 0, 0,
0]. The receiver will compute the syndrome s = H · rT = α15. It is found
that the error occurs at position 3 = 15 (mod 6) and the error value is
α15α−3 = α12 = 0, 0, 0, 0, 0, 0, 1, 0 = ξ616
4. CONCLUDING REMARKS
We have developed a theory to construct linear block codes over ﬁnite
ﬁelds for ϕn dimensional signals, where n ∈ A = 3 4, 5, 7, 8, 9, 11,
12, 13, 15, 16, 17, 19, 20, 21, 24, 25, 27, 28, 32, 33, 35, 36, 40, 44, 45,
48, 60, 84. These codes are able to correct one error with values in the
ﬁnite group of all roots of unity in the algebraic integer ring Zξn of the
cyclotomic ﬁeld Qξn, where n ∈ A. Block codes constructed in this paper
allow an algebraic approach in an area which is currently mainly dominated
by nonalgebraic convolutional codes. We note that the modulo operation in
this paper is complex and computation complexity is great when the prime
integer p is large. However, with the help of computers it is possible to
construct these linear block codes concretely when the prime integer is not
too large. We also note that any irreducible element of Zξn has inﬁnite
many associate elements since the unit group of Zξn is inﬁnite, where
n ∈ A. So we cannot deﬁne a distance between codewords as Huber did in
15 16. It would be interesting to deﬁne an appropriate distance between
codewords to reﬂect the properties of these codes.
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